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The physics of neutrino-nucleus cross sections is a critical probe of the Standard Model and
beyond. A precise understanding is also needed to accurately deduce astrophysical neutrino spectra.
At energies above ∼ 5 GeV, the cross section is dominated by deep inelastic scattering, mediated
by weak bosons. In addition, there are subdominant processes where the hadronic coupling is
through virtual photons, γ∗: (on-shell) W -boson production (e.g., where the underlying interaction
is ν`+γ
∗ → `−+W+) and trident production (e.g., where it is ν+γ∗ → ν+`−1 +`+2 ). These processes
become increasingly relevant at TeV–PeV energies. We undertake the first systematic approach to
these processes (and those with hadronic couplings through virtual W and Z bosons), treating
them together, avoiding common approximations, considering all neutrino flavors and final states,
and covering the energy range 10 –108 GeV. In particular, we present the first complete calculation
of W -boson production and the first calculation of trident production at TeV–PeV energies. When
we use the same assumptions as in prior work, we recover all of their major results. In a companion
paper [1], we show that these processes should be taken into account for IceCube-Gen2.
I. INTRODUCTION
The interactions of neutrinos with quarks, nucleons,
and nuclei are a cornerstone of the Standard Model.
These test neutrino couplings to hadrons and probe the
internal structure of hadronic states [2–8]. Increasingly
precise measurements of cross sections allow increasingly
precise tests of neutrino mixing and beyond the Standard
Model physics [9–15]. Understanding the cross section is
also crucial to neutrino astrophysics [16–25]. In the lab-
oratory, neutrino scattering has been well measured up
to Eν ∼ 102 GeV [26–28]. Above ∼ 5 GeV, the domi-
nant interaction is deep inelastic scattering (DIS), where
neutrinos couple via weak bosons to the quark degrees
of freedom, with the nucleon and nuclear structure being
less important but still relevant.
New scientific opportunities have arisen with IceCube,
as atmospheric and astrophysical neutrinos have been
detected up to Eν ∼ 107 GeV [29, 30]. Even though
the spectra are not known a priori, and the statistics
are low, important progress can be made. For example,
the neutrino cross section can be determined by compar-
ing the event spectra due to neutrinos that have propa-
gated through substantial Earth matter or not [24, 31–
35]. And to the extent that the cross section is under-
stood — e.g., the claimed theoretical precision (from the
parton-distribution functions) at 107 GeV is ' 2% [23] or
' 1.5% [24] — the measured event spectra can be used
to accurately deduce neutrino spectra and flavor ratios,
allowing tests of both astrophysical emission models and
neutrino properties (e.g., Refs. [36–47]). As IceCube ac-
cumulates statistics, and larger detectors are under con-
sideration [48, 49], the opportunities — and the need
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for a better theoretical understanding of neutrino-nucleus
scattering — increase.
There are neutrino-nucleus interactions in which the
hadronic coupling is via a virtual photon, γ∗, and the
diagrams are more complex than in ordinary DIS. Al-
though these photon interactions are subdominant, their
importance grows rapidly with energy, becoming relevant
in the TeV–PeV range. In (on-shell)W -boson production
(Fig. 1), the neutrino interacts with a virtual photon from
the nucleus to produce a W boson and a charged lep-
ton. The cross section for this process has been claimed
to reach ∼ 10% of the DIS cross section at ∼ 105–107
GeV [50–52]. (To set a scale, in the past 7.5 years, Ice-
Cube has detected 60 starting events with reconstructed
energies above 60 TeV [53, 54].) More careful calculations
are needed. In trident production (Fig. 2), the neutrino
interacts with a virtual photon from the nucleus to pro-
duce a neutrino, a charged lepton, and a charged lepton
of opposite sign [11, 55–59]. The cross section for this
process has never been calculated at TeV–PeV energies.
A first calculation is needed.
In this paper, we provide the first full calculations of
both processes. We treat them in a unified way, avoid-
ing common approximations, considering all neutrino fla-
vors and final states, and covering the energy range 10–
108 GeV. We recover all previous major results when we
adopt their inputs. In our companion paper [1], we de-
tail the implications for IceCube-Gen2 measurements of
neutrino spectra and flavor ratios, tests of neutrino prop-
erties, and tests of new physics.
In Sec. II, we review the W -boson and trident produc-
tion processes, identifying the shortcomings of previous
work. In Sec. III, we calculate the neutrino-real photon
cross sections for both processes. The more complicated
neutrino-nucleus cross sections in different regimes are
calculated in Sec. IV and V, then added up (Fig. 12) and
discussed in Sec. VI. We conclude in Sec. VII.
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FIG. 1. Diagrams for (on-shell) W -boson production via pho-
ton exchange. A and A′ are the initial- and final-state nuclei.
(See Fig. 5 and Sec. III B for the connection with trident pro-
duction.) For antineutrinos, take the CP transformation of
the elementary particles.
II. REVIEW OF W -BOSON AND TRIDENT
PRODUCTION
The (on-shell) W -boson and trident production pro-
cesses are, respectively,
ν` +A→ `− +W+ +A′ , (1)
ν +A→ ν + `−1 + `+2 +A′ , (2)
where A and A′ are the initial and final-state nuclei and
` is a charged lepton. For trident production, for now we
simplify the flavor information (for details, see Eq. (5)).
For antineutrinos, take the CP transformation of the el-
ementary particles.
Figures 1 and 2 show the diagrams for W -boson and
trident production processes, respectively. We also calcu-
late diagrams, not shown, with W and Z boson couplings
to the hadronic side; this is discussed in Sec. V. For tri-
dent production, (for Fig. 2 only) we use the four-Fermi
theory for simplicity, the diagrams of which nicely show
the “trident” feature though hiding the connection to W -
boson production (see Fig. 5 for the full Standard-Model
diagrams, on which our calculation is based). In both
processes, a neutrino splits into charged particles (lep-
tonic part) that couple to the photon from the nucleus
(hadronic part). The leptonic part is straightforward but
depends on the process, while the hadronic part is com-
plicated but independent of the process.
In the rest of this section, we review the hadronic part
(Sec. II A), which also sets the foundation, then discuss
the two processes respectively (Sec. II B and II C).
A. Hadronic part
At most energies, the hadronic part is connected by a
virtual photon from the nucleus. Above & 108 GeV, the
contributions of virtual weak bosons from the nucleus and
mixing with the photon are not negligible (see Sec. V).
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FIG. 2. Diagrams for trident production via photon exchange
in the four-Fermi theory (see Fig. 5 for the full Standard
Model). For antineutrinos, take the CP transformation of
the elementary particles.
The hadronic coupling can be in different regimes, in-
cluding coherent (σ ∝ Z2), diffractive (σ ∝ Z), and in-
elastic (σ ∝ Z), in which the virtual photon couples to
the whole nucleus, nucleon, and a single quark, respec-
tively. Adding the cross sections in different regimes gives
the total cross section.
The coherent (A′ = A) and diffractive (A′ 6= A)
regimes are both elastic, on the nucleus and nucleon, re-
spectively. The former is usually described by a nuclear
form factor and the latter by a nucleon form factor.
Two different calculational frameworks have been used
in previous work, i.e., using or not using the equivalent
photon approximation (EPA, or Weizsa¨cker–Williams
Approximation) [60–62]. The EPA assumes the photon
mediator (to the nucleus) to be on shell, i.e., q2 = 0.
This is motivated by the fact that the photon is usu-
ally very soft when the beam particle is very energetic
(e.g., high-energy electron scattering on nuclei). Using
real photons significantly simplifies the calculation, be-
cause then one does not need to take into consideration
the photon virtuality or longitudinal polarization. How-
ever, Refs. [57, 63–65] pointed out that EPA is not valid
for most cases, especially for electron final states, lead-
ing to an overestimation of the cross section that, in some
cases, is by more than 200%. The simplest reason is that,
though the beam neutrino is very energetic, the charged
particle that directly couples to the photon may not be.
Inelastic scattering (A′ 6= A) could also happen, with
nucleon breakup. The hadronic part is usually de-
scribed by parton-distribution functions (PDFs) for pho-
ton, quarks, etc. The inelastic regime has two subpro-
cesses, photon-initiated (related to the photon PDF) and
quark-initiated (related to the quark PDFs) [66]. See
Sec. V for details.
B. W -boson production
The W -boson production process (Fig. 1) initially
raised interest in 1960s and 1970s. The hypothetical
(at that time) W boson could be directly produced by a
beam of νµ scattering off the Coulomb field of a nucleus
(Fig. 1; e.g., Refs. [67–72]). If W bosons were not de-
tected, a lower bound on their mass could be set. Later,
the discovery of the W boson at a proton-antiproton col-
3lider [73], and especially its large mass, significantly re-
duced the motivation to search for this process at fixed-
target neutrino experiments.
The interest in this process came back due to high-
energy astrophysical neutrino detectors [29, 49, 74], and
was studied by Seckel [50] and Alikhanov [51, 52]. In
Ref. [50], for the neutrino-nucleus cross sections, only
the ratio of νe → e−W+ to charged-current (CC) DIS on
16O and 56Fe were shown, and only the coherent regime
was considered (see Table I). In Refs. [51, 52], all three
flavors were considered and shown, and all three scatter-
ing regimes were considered. However, all three regimes
used EPA, and nuclear effects (mainly Pauli-blocking)
were not included. Moreover, for the inelastic regime,
only the photon-initiated subprocess was calculated (see
Table I).
Figure 3 shows their results. All three scattering
regimes are important. The high threshold is set by the
W -boson mass and the hadronic structure functions. The
diffractive regime has a lower threshold than the coher-
ent regime because larger Q2 (≡ −q2; virtuality of the
photon) can be probed by the nucleon form factor than
the nuclear form factor. Above threshold, the coherent
cross section (∝ Z2) is larger than the diffractive cross
section (∝ Z).
The coherent cross section of Seckel [50] is about two
times that of Alikhanov [51, 52], possibly due to their
treating the nuclear form factor differently (as pointed
out by Ref. [52]). (The origin of the factor of two be-
tween them could not be traced, as the details of the
calculations are not given in Ref. [50].)
Importantly, this cross section is claimed to be ∼ 10%
of the charged-current deep inelastic scattering (CCDIS)
cross section [23], indicating this process is detectable
by high-energy neutrino detectors like IceCube [30],
KM3NeT [49], and especially the forthcoming IceCube-
Gen2 [48]. With 60 starting events with energies above
60 TeV [53, 54], IceCube already has a nominal preci-
sion scale of 13%, and IceCube-Gen2 would be 10 times
larger. However, on the theory side, due to the limita-
tions above, more complete and careful calculations are
needed (see Table I).
C. Trident production
The trident processes (Fig. 2) raised interest at a sim-
ilar time to W -boson production, also as a process to
probe the then-hypothetical W/Z propagators in the
weak interactions. Even if the weak bosons were not
produced directly due to, e.g., their large masses, their
existence could make the trident production rate different
from that of the pure V-A theory (e.g., Refs. [63–65, 75–
80])
So far, only the νµ → νµµ−µ+ process has been ob-
served, by the Charm-II [81] and CCFR [82] experiments;
NuTeV [83] set an upper limit. These results are consis-
tent with SM predictions.
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FIG. 3. Summary of cross sections for W -boson and trident
production from previous work, with the two processes sepa-
rated as labeled. To simplify the figure, for W -boson produc-
tion, we show only νe → e−W+ on 16O (by Seckel [50] and
Alikhanov [51, 52]), and for trident production, only the coher-
ent regime (the dominant part) of νµ → νee−µ+ on 40Ar (by
Magill & Plestid [55], Ballett et al. [57], and Altmannshofer
et al. [58]). Also shown, for comparison, is the cross section
of charged-current deep inelastic scattering (CCDIS) [23].
The trident processes have been popular again in re-
cent years, due to currently running and upcoming accel-
erator neutrino experiments (e.g., Refs. [84–87]) as well as
Ref. [11] showing first trident constraints on new physics
such as Z’ models. Table I summarizes the calculations
of trident cross sections by Refs. [11, 55, 56] using EPA
and by Refs. [57, 58] using an improved calculation. Usu-
ally, only the electron and muon flavors are considered,
as the tau flavor is rare for accelerator neutrinos. The
inelastic regime is very small, so not considered (except
in Ref. [55]).
All previous work used the four-Fermi theory, instead
of the full Standard Model (see Table I). One reason is
that these papers focused on accelerator neutrinos below
∼ 100 GeV. Another reason is that the hadronic part
(Sec. II A) complicates the calculation a lot, so using the
four-Fermi theory for leptonic part is significantly sim-
pler.
Figure 3 summarizes previous calculations. The
threshold is set by the final-state lepton masses and
hadronic structure functions. The difference between
Magill & Plestid [55] and Ballett et al. [57], Alt-
mannshofer et al. [58] is due to the former using EPA,
while the latter two not.
Though at GeV energies the cross sections are ∼ 10−5
of CCDIS [23], they increase quickly. Therefore, it is
interesting and important to know the cross sections at
TeV–PeV energies. To this end, the full Standard Model
4TABLE I. Summary of the features of previous calculations and of this work. “+” and “−” means “considered” and “not
considered” in the calculation” respectively. “Full SM” means using full Standard Model, instead of four-Fermi theory.
Full SM Coherent Diffractive Beyond EPA Pauli blocking Inel., photon Inel., quark
W -boson Seckel [50] + + − − − − −
production Alikhanov [51, 52] + + + − − + −
Trident
production
Altmannshofer et al. [11] − + − − − − −
Magill & Plestid [55] − + + − − − +
Ge et al. [56] − + − − − − −
Ballett et al. [57] − + + + + − −
Altmannshofer et al. [58] − + + + + − −
Both, unified This work + + + + + + +
is needed instead of the four-Fermi theory. In addition,
our calculations fix several other shortcomings (see Ta-
ble I).
III. CROSS SECTIONS BETWEEN
NEUTRINOS AND REAL PHOTONS
In this section, we calculate the cross sections of W -
boson and trident production between a neutrino and
a real photon. This shows the underlying physics and
the basic behavior of the cross sections. The connection
between the two processes is also clearly revealed.
For the cross sections between elementary particles, we
calculate the matrix elements and phase space integrals
ourselves, and check the results using the public tools
MadGraph (v2.6.4) [88] and CalcHEP (v3.7.1) [89].
The calculational procedures set the basis for the off-shell
cross sections in Sec. IV.
A. W -boson production
The leptonic part of W -boson production is (Fig. 1),
ν` + γ → `− +W+ . (3)
The cross section can be calculated using
σνγ(sνγ) =
1
2sνγ
∫
1
2
∑
spins
|MWBP|2 dPS2 , (4)
where 1/2sνγ is the Lorentz-invariant flux factor, sνγ ≡
(k1 + q)
2, 12
∑
spins |MWBP|2 the photon-spin averaged
matrix element (Appendix A), and dPS2(=
pCM√
sνγ
d cos θ
8pi )
is the two-body phase space, of which pCM is the momen-
tum of the outgoing particle in the CM frame, with angle
θ respect to the incoming particle. This process has been
calculated by Refs. [50, 51]. Our calculation gives the
same results.
The diagrams for Eq. (3) are similar to those in Fig. 1,
but replacing the photon from the nucleus with a free
(real) photon. Both diagrams, with a relative minus sign,
need to be included to assure gauge invariance. Numeri-
cally, the first diagram dominates at small sνγ , while the
second dominates at large sνγ . Neutrinos and antineutri-
nos have the same total and differential cross sections, as
the matrix element is invariant under CP transformation.
Figure 4 shows σνγ(sνγ)/sνγ for W -boson production.
We divide out sνγ , the dominant trend, to highlight the
deviations over the wide range of the x-axis. The thresh-
old is set by sνγ = (mW + m`)
2. Just above thresh-
old, the lepton propagator in the first diagram (Fig. 1)
gives a logarithmic term, ∼ log[(...)/m2` ] , which leads to
σνeγ > σνµγ > σντγ [50]. For sνγ > 10
6 GeV2, the cross
sections become constant and different flavors converge,
with σνγ ' 2
√
2αGF ' 10−34 cm−2.
B. Trident production
The leptonic part of trident production, for each in-
coming neutrino flavor, is (Fig. 5)
ν`1 + γ → `−1 + ν`2 + `+2 (CC), (5a)
ν`1 + γ → ν`1 + `−2 + `+2 (NC), (5b)
ν` + γ → ν` + `− + `+ (CC+NC), (5c)
where `1, `2 = e, µ or τ and `1 6= `2. So there are two,
two and one CC, NC and CC+NC channels, respectively;
details below. For antineutrinos, take the CP transfor-
mation of the elementary particles; details below.
The cross section can be calculated using [11, 55, 90]
σνγ(sνγ) =
1
2sνγ
∫
1
2
∑
spins
|MTri|2 dPS3 , (6)
where 1/2sνγ is the Lorentz-invariant flux factor,
1
2
∑
spins |MTri|2 the photon-spin averaged matrix ele-
ment, and dPS3 is the three-body phase space (see be-
low). Different from previous calculations, here we need
to use the full Standard Model, instead of the four-Fermi
theory, as we are also interested in TeV–PeV energies.
Figure 5 shows the five possible diagrams of trident
production in the Standard Model. Note that the di-
agram involving a WWγ vertex is not included by the
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FIG. 4. Our cross sections (actually σνγ(sνγ)/sνγ) for W -boson and trident production, between a neutrino and a real photon
as a function of their CM energy. Red, green, and blue lines are νe-, νµ-, and ντ -induced channels, respectively. Solid lines
are trident CC channels, and dashed lines are trident CC+NC channels (we label only the final states for both). Magenta
dotted lines are trident NC channels, which depend on only the final-state charged leptons (we label both the initial and
final states). The trident CC, NC, and CC+NC channels correspond to diagrams (1)–(3), (4)–(5), and (1)–(5) of Fig. 5. The
corresponding antineutrino cross sections (i.e., obtained by CP-transforming the processes shown) are the same. See text for
details.
four-Fermi theory, though it is suppressed at low ener-
gies. When `1 6= `2, the top three diagrams (exclusively
mediated by W ) lead to CC channels, and the bottom
two (exclusively mediated by Z) lead to NC channels.
When `1 = `2 = `, all fives diagrams give the same final
states, which lead to the CC+NC channels.
We work in the unitarity gauge, which is simpler for
the tree level. The amplitudes for each diagram,MTri1 —
MTri5 , can be found in Appendix B, and relative signs
between these diagrams are
MTri = (MTri1 −MTri2 +MTri3 )− (MTri4 +MTri5 ) . (7)
The matrix element is calculated using FeynCalc [91, 92].
For antineutrinos, the total cross sections are the same
as neutrinos, due to CP invariance [56, 65]. For the differ-
ential cross sections, they are only the same for the NC
channels due to interchange symmetry of two charged
leptons, which is not the case for CC and CC+NC chan-
nels [56]. Therefore, for the following discussion, we take
neutrinos only.
The three-body phase space in the case of real photon
is [11, 55, 90]
dPS3 =
1
2
1
(4pi)2
dt
2sνγ
β(l)
dl
2pi
dΩ′′
4pi
, (8)
where t ≡ 2q · (k1−k2), l ≡ (p1 +p2)2, Ω′′ the solid angle
with respect to q in the rest frame of p1 + p2, and
β(l) =
√
1− 2(m
2
1 +m
2
2)
l
+
(m21 −m22)2
l2
, (9)
where m1, 2 is the mass of p1, 2. The integration over l is
done from (m1 +m2)
2 to sνγ , and t from l to sνγ . Using
these variables, we find that the numerical integration
converges reasonably fast for both the four-Fermi theory
case and the Standard-Model case.
Figure 4 shows σνγ(sνγ)/sνγ for all 15 trident channels.
The thresholds are set by the masses of final states, i.e.,
sνγ = (m1 + m2)
2. The cross sections increase from
threshold until ∼ 106 GeV2. For sνγ > 106 GeV2, same
as for W -boson production, the cross sections become
constant.
For the CC and CC+NC channels, very interestingly,
just above sνγ = m
2
W ' 6.5× 103 GeV2, there is a sharp
increase. This is due to the s-channel like part of the
first and second diagrams in Fig. 5, which are mediated
by W bosons. For sνγ > m
2
W , W -boson production is
turned on. In the view of trident production, this is a
W -boson resonance followed by decay to a neutrino and
a charged lepton. Therefore the CC and CC+NC trident
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FIG. 5. Diagrams for trident production via photon exchange
in the Standard Model, with the order, MTri1 –MTri5 , labeled
in parentheses, and with the momenta labeled on the fourth
diagram. The trident CC, NC, and CC+NC channels
correspond to diagrams (1)–(3), (4)–(5), and (1)–(5). For
antineutrinos, take the CP transformation of the elementary
particles. The first and second diagrams are connected to
W -boson production (Fig. 1; also see Sec. III B for details of
the connection).
cross sections are enhanced by the W -boson production
cross section (of same incoming neutrino flavor) times the
corresponding decay branching ratio, ΓW→ν``−/ΓW ('
11%, with slight deviation for specific flavors [28]). The
W -resonance contribution keeps dominating for sνγ >
m2W . This is different from usual resonance features, like
the Glashow resonance ν¯e + e
− → W− or e−e+ → Z.
The reason is that the charged lepton, `−, could take
away additional 4-momentum, keeping the s-channel W
propagator on shell (q2W = m
2
W ). Contributions from
the non-resonant part and from other three non-resonant
diagrams are negligible. So for sνγ > m
2
W , the six CC
and three CC+NC channels basically form three groups
due three neutrino flavors. For sνγ > 10
6 GeV2, they
all converge and become constant, i.e., σ ' 2√2αGF ×
ΓW→ν``−/ΓW , which ' 10−35 cm−2.
For the NC channels, the cross sections are much
smaller, as there is no resonance. The channels that have
same charged lepton final states have same cross sections,
independent of incoming neutrino flavor, due to the same
couplings and lepton propagators.
IV. NEUTRINO-NUCLEUS CROSS SECTIONS:
COHERENT AND DIFFRACTIVE REGIMES
In this section, we calculate the photon-mediated
neutrino-nucleus cross sections, σνA, for W -boson and
trident production in the coherent and diffractive
regimes, which are elastic on the nucleus and nucleon,
respectively. We focus on the hadronic coupling through
virtual photons, as the contribution through weak bosons
is highly suppressed due to their large masses. We first
describe the framework (Sec. IV A), which is independent
of the leptonic part. Then we calculate the W -boson
(Sec. IV B) and trident (Sec. IV C) production processes.
The framework we use, which is from Ballett et al. [57],
is a complete treatment of the hadronic part instead of
using EPA, which is known to be not a good approxi-
mation for trident production (see Fig. 3 and Sec. II).
Moreover, the major nuclear effect, Pauli-blocking, is in-
cluded (see to Refs. [57, 65] for details). In this work, for
the first time, we show that the EPA also does not work
well for W -boson production. Moreover, for trident pro-
duction, we calculate all 15 possible channels, including
for the τ flavor, and go to TeV–PeV energies, using the
full Standard Model instead of the four-Fermi theory.
A. Framework
Both the coherent and diffractive cross sections can be
calculated using [57]
d2σνX
dQ2dsˆ
=
1
32pi2
1
sˆQ2
[hTX
(
Q2, sˆ
)
σTνγ
(
Q2, sˆ
)
+ hLX
(
Q2, sˆ
)
σLνγ
(
Q2, sˆ
)
] , (10)
where X is to distinguish coherent (X = c) and diffrac-
tive (X = d) regimes, Q2 ≡ −q2 the photon virtuality,
and sˆ ≡ 2(p1 · q) = sνγ + Q2. Note that Eq. (10) de-
composes the σνX into 2× 2 parts: transverse (“T”) and
longitudinal (“L”), leptonic (σ
T/L
νγ ) and hadronic (h
T/L
X ).
The leptonic parts, σ
T/L
νγ (Q2, sˆ), may be viewed as the
cross sections between a neutrino and an off-shell photon,
and it can be calculated as
σT =
1
2sˆ
∫
1
2
∑
spins
(
−gµν + 4Q
2
sˆ2
kµ1 k
ν
1
)
LµL
∗
ν dPSn ,
(11a)
σL =
1
sˆ
∫ ∑
spins
4Q2
sˆ2
kµ1 k
ν
1 LµL
∗
ν dPSn , (11b)
where dPSn is the phase space of the leptonic part, with
n = 2, 3 for the W -boson and trident production pro-
cesses, respectively. A factor of 1/2 appears in the first
equation because a virtual photon has two transverse po-
larizations. The Q2 dependence should also be included
in both the leptonic matrix element and phase space,
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case (νe). The ντ line is not shown due to being below the
bound of the y axis. Dotted: contribution from neutrons
to the diffractive regime, which is small. The corresponding
antineutrino cross sections are the same.
which are process dependent. In the limit Q2 = 0, the
transverse cross section is the same as the real-photon
case (Eq. (4) and (6)), and the longitudinal cross section
vanishes.
The hadronic parts, h
T/L
X (Q
2, sˆ) are dimensionless fac-
tors that involve the nuclear/nucleon form factors. For
the coherent regime, we use the Woods-Saxon (nuclear)
form factor. For the diffractive regime, we use the nu-
cleon form factors that have a dipole parametrization.
More details are given in Ref. [57].
For the diffractive regime, in addition, the Pauli-
blocking effects are included by multiplying Eq. (10)
by a factor derived from modeling the nucleus as ideal
(global) Fermi gas of protons and neutrons with equal
density, which is (derived by Ref. [69] and used by
Refs. [57, 58, 75]),
f(|~q|) =

3
2
|~q|
2 kF
− 1
2
( |~q|
2 kF
)3
, if |~q| < 2 kF ,
1, if |~q| ≥ 2 kF ,
(12)
where kF = 235 MeV is the Fermi momentum of the gas,
which sets the kinetic boundary for the final states, and
|~q| is the magnitude of the transferred 3-momentum in
the lab frame, which can be derived to be, for the virtual
photon case,
√
(Q2/2MN )2 +Q2, where MN is the mass
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FIG. 7. Our coherent and diffractive components of W -
boson production cross sections (red solid, from Fig. 6 but
thicker), for the example of νe → `−W+ on 16O (the flavor
with the largest cross section), comparing with our “EPA +
no Pauli-blocking” results (dashed) and previous calculations
(dotted) by Seckel [50] and Alikhanov [51, 52]. Left and right
bumps are coherent and diffractive components, respectively.
Note our results are substantially smaller, which is important.
of the nucleon. This reduces the diffractive cross section
by about 50% for protons and 20% for neutrons.
The EPA formalism can be obtained by setting Q2 = 0
in σ
T/L
νγ (Q2, sˆ) of Eq. (10). This is basically the same
as that initially derived by Ref. [80] and later used by
Refs. [11, 55]. Below, we also show the “EPA + no Pauli-
blocking” results for comparison.
As a validation of our understanding of the formal-
ism, we reproduced the cross section results of Ballett et
al. [57] using the four-Fermi theory and other same in-
put. Our calculations agree with theirs to within a few
percent, with the remaining differences due to numeri-
cal precision. (Note that we decompose the phase-space
(Appendix C) in a different, but equivalent, way from
them [57, 65].)
B. W -boson production
1. Off-shell cross sections, σ
T/L
νγ (sˆ, Q
2)
The process is the same as Eq. (3), but replacing the
real photon, γ, by a virtual photon γ∗. We calculate
the off-shell cross sections, σ
T/L
νγ (sˆ, Q2), in the CM frame
(consistent with Sec. III A), using Eq. (11). For the lep-
tonic matrix element, the photon virtuality can be in-
8cluded by writing
k1 =
(
sνγ +Q
2
2
√
sνγ
, 0, 0,
sνγ +Q
2
2
√
sνγ
)
, (13a)
q =
(
sνγ −Q2
2
√
sνγ
, 0, 0,−sνγ +Q
2
2
√
sνγ
)
. (13b)
The 4-momenta of the outgoing particles do not have Q2
dependence, and the phase space is the same as that in
Eq. (4). When Q2 = 0, all results return to the real-
photon case (Sec. III A).
The major features of σ
T/L
νγ (sˆ, Q2) are the following.
First, σTνγ(sˆ, Q
2) decreases with Q2, especially when
Q2 & m2` , because Q enters the denominator of the lep-
ton propagators which suppresses the cross section [57].
Second, σLνγ(sˆ, Q
2) increases with Q2, due to the factor
4Q2/sˆ2, then become flat when Q2 & m2` . Third, when
Q2 is nearing sˆ−(mW +m`)2, an exponential cutoff hap-
pens in both σTνγ and σ
L
νγ , due to running out of phase
space (sνγ ≡ sˆ−Q2 < (mW +m`)2).
2. σνA and discussion
The coherent (σνc) and diffractive (σνd) cross sections
are then calculated with Eq. (10), by convolving the lep-
tonic parts with the hadronic parts.
Figure 6 shows the cross sections. The features dis-
cussed in Sec. III A mostly appear here (e.g., σνeA >
σνµA > σντA). The threshold here is effectively set by
Eν ∼ m2W /2Qeffmax, where Qeffmax is the effectively maxi-
mum Q of the form factors, which is ∼ 0.1 GeV for 16O
(coherent) and ∼ 1 GeV for nucleons (diffractive). Sim-
ilarly, the typical momentum transfer, Q, for each Eν ,
is between ∼ m2W /2Eν and Qeffmax for both regimes. The
sharp peak in σνγ (Fig. 4) is here smeared due to convolv-
ing with the form factors. The coherent cross sections
(∝ Z2) are larger than diffractive ones (∝ Z), which is
similar to Fig. 3, which uses EPA. For both regimes, the
transverse part dominates, while the longitudinal part,
as shown on the figure, is suppressed by ∼ Q2/sˆ. For the
diffractive regime, the contribution from protons domi-
nates, due to its electric form factor.
We tested the sensitivity of our cross section results
to the choices of form factors. For the coherent compo-
nent, we also tried using a Gaussian form factor, e−q
2/2a2 ,
which is sometimes used for lighter nuclei. For 16O,
we find that the cross section is changed by . 15% for
Eν ∼ 105 GeV (where the inelastic component dominates
anyway) and by . 5% for Eν ∼ 106 GeV. For the diffrac-
tive component, we explored changing the vector mass in
the form factor. For any reasonable change, the effect on
our calculated cross sections is negligible.
Figure 7 compares our results with previous ones from
Ref. [50] (only the coherent regime was considered) and
Refs. [51, 52] (EPA was used, and Pauli-blocking effect
was not included for the diffractive component), and
101 102 103 104 105 106 107 108
E   [ GeV ]
10 45
10 44
10 43
10 42
10 41
10 40
10 39
A
/E
  [
 c
m
2  G
eV
1  ]
CCDIS × 0.01
e
e W +
e, e, +
e
e
+
+
Coherent and diffractive only
FIG. 8. Our coherent (solid lines) and diffractive (dashed
lines) components of trident production cross sections on 16O.
We show one typical channel for each category, i.e., CC, NC
and CC+NC, to make the figure simple. For all the chan-
nels, see Appendix D. Gray lines are for νe-induced W -boson
production from Fig. 6, shown as a comparison. The corre-
sponding antineutrino cross sections (i.e., obtained by CP-
transforming the processes shown) are the same.
our “EPA + no Pauli-blocking” results discussed above.
Comparing to Refs. [51, 52], which uses a different EPA
formalism, our EPA result is close. Surprisingly, the re-
sult from the full calculation is only about half as large,
for both coherent and diffractive regimes. This means
that the EPA is still not valid at even such high-energy
scales. The reason is that, as discussed in Sec. IV B 1,
the nonzero Q2 suppresses the transverse cross section,
σTνγ(sˆ, Q
2), compared to σTνγ(sˆ, Q
2 = 0) used in the EPA.
The larger Q2, the larger the suppression. Physically,
this is because, although the incoming neutrino is very
energetic, the charged particle that directly couples to
the photon may not be. The difference between the full
calculation and the EPA in the diffractive regime is larger
than that in coherent regime is because the nucleon form
factor probes larger Q2 than the nuclear form factor, also
because the Pauli-blocking effect suppresses the diffrac-
tive cross section. Another feature is that, for a specific
Q2, the larger the charged-lepton mass, the smaller the
suppression, which is small when Q2 . m2` . So the dif-
ference between full calculation and EPA is smaller for
the muon and tau flavors.
9C. Trident production
1. Off-shell cross sections, σ
T/L
νγ (sˆ, Q
2)
The processes are the same as in Eq. (5), but again re-
placing the real photon, γ, by a virtual photon γ∗. Same
as above, we work in the CM frame, and both the phase
space term dPS3 and the leptonic matrix element are
modified due to nonzero photon virtuality.
The leptonic matrix element is modified due to the
modification of the 4-momenta, the details of which can
be found in Appendix C.
The phase space integration can be done by decom-
posing the three-body phase space into two two-body
phase spaces [55, 93]. The result is the same as Eq. (8),
but replacing sνγ by sˆ. The integration range is now
((m1 +m2)
2, sˆ−Q2) for l, and[
l +Q2, sˆ−Q2 +
(
2− l
sˆ−Q2
)
Q2
]
(14)
for t. See Appendix C for details.
The major features due to the nonzero Q2 is the same
as those of W -boson production (Sec. IV B 1).
2. σνA and discussion
Figure 8 shows the cross sections for the typical chan-
nels (for all channels, see Appendix D). We start from
Eν = 10 GeV, as below this energy, the cross sections
have been shown in Refs. [57, 58]. Our results agree with
theirs. Same as before, the threshold here is effectively
set by Eν ∼ (m1 +m2)2/2Qeffmax, which is ∼ 0.1 GeV for
16O and ∼ 1 GeV for nucleons. The sharp peak in σνγ
(Fig. 4) is smeared here due to convolving with the form
factors. Other features and the physics are the same as
those discussed in Sec. III B for Fig. 4 and in Sec. IV B 2
for Fig. 6.
V. NEUTRINO-NUCLEUS CROSS SECTIONS,
INELASTIC REGIME
In this section, we calculate the neutrino-nucleus cross
sections, σνA, for W -boson and trident production in the
inelastic regime, in which the partons of nucleons are
probed.
A. Framework
The inelastic regime has two contributions, photon-
initiated subprocess and quark-initiated subprocess [66].
The photon-initiated subprocess is that the hadronic
coupling is through a virtual photon, which is similar
to Sec. IV, but with larger photon virtuality Q2. Cal-
culation of this subprocess involves the photon PDF,
which describes the photon content of the nucleon (e.g.,
Refs. [66, 94–101]). The photon PDF consists of elastic
and inelastic components. The elastic component cor-
responds to the diffractive regime of Sec. IV, and can
be calculated from the nucleon electromagnetic form fac-
tors. The inelastic photon PDF consists of nonpertur-
bative and perturbative parts, and the resonance re-
gion is included in the former [66, 99, 100]. For the
W -boson production, this component was calculated by
Alikhanov [52]. For trident, this has never been consid-
ered.
The quark-initiated subprocess is that a quark of a nu-
cleon is explicitly involved as an initial state of the scat-
tering process. The propagator that couples to a quark
can be photon, W or Z boson. For W -boson production,
this was mentioned in Alikhanov [52] (diagrams were also
shown in its Fig. 8, plus another one from replacing the
Z by a photon in the upper middle diagram) but not cal-
culated. For trident production, this was calculated in
Ref. [55].
Those two subprocesses are at the same order though
they may not seem to be, as the photon propagator to
quark has an additional αEM. The reason is that the
photon PDF has a factor of αEM implicitly [66].
A double-counting problem occurs if summing up the
two subprocesses for the total inelastic cross section. This
is because the contribution from the photon propagator
to the quark of the quark-initiated subprocess is already
included in the inelastic photon PDF (perturbative part)
of the photon-initiated subprocess. We deal with this
problem below.
For the PDF set, we use CT14qed [66, 102], which pro-
vides the inelastic photon, quark, and gluon PDFs self-
consistently. The inelastic photon PDF of CT14qed is
modeled as emission from the quarks using quark PDFs
and further constrained by comparing with ZEUS data
on the DIS process ep→ eγ +X [103]. The quark PDFs
are obtained by the usual method and constrained by
DIS and other data.
The reason that we choose CT14qed is the following.
First, it is the only PDF set that provides the inelastic
component of photon PDF only. For the elastic part, we
do not use the elastic photon PDF, which is obtained us-
ing EPA and does not include the neutron magnetic com-
ponent form factor, as the treatment in Sec. IV (diffrac-
tive regime) is better. Second, it is also the only PDF set
that provides the inelastic photon PDF for both proton
and neutron. Finally, though the uncertainty of photon
PDF is larger than the later ones by LUXqeD [99, 100] and
NNPDF31luxQED [101], the central value is very close.
We use MadGraph (v2.6.4) [88] to do the calculation,
which handles the PDFs and hard processes systemati-
cally. We remove kinematic cuts to get the total cross sec-
tion of both processes. The model we choose in MadGraph
is “sm-lepton masses”, which includes the masses of
charged leptons, while the default “sm” does not. More-
over, this model uses diag(1, 1, 1) for the CKM matrix
and ignores the masses of u, d, s, c quarks, which are good
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FIG. 9. Different components of our inelastic neutrino-
nucleus cross sections for W -boson production. Only νe is
shown to keep the figure simple. For νµ and ντ , the photon-
initiated cross sections are smaller (Fig. 10), while the quark-
initiated cross sections are basically the same. See text for
details.
approximations for us. Note that for the initial-state
neutrinos, which have only a left-handed chirality, we
need “set polbeam1 = -100” (+100 for antineutrinos)
to fully polarize the beam, otherwise the cross section will
be mistakenly halved. As a check of above configuration,
we calculate the neutrino CCDIS cross sections and the
result is consistent with Ref. [19, 23, 24, 104, 105] within
uncertainties.
B. W -boson production
For photon-initiated process, the diagrams are shown
in Fig. 1. The factorization and renormalization scales
are chosen to be
√
sνγ . Our choice is consistent and
has no ambiguity for both diagrams of Fig. 1 compared
to
√−(k1 − p1)2 (motivated by the first diagram) or√−(k1 − p2)2 (motivated by the second diagram). The
result is only ' 10% larger than that using the default
factorization and renormalization scales of MadGraph.
Changing both scales to 2
√
sνγ or
√
sνγ/2 would increase
or decrease the cross section by ∼ 15%. For quark-
initiated subprocess, the diagrams can be found in Fig. 8
of Ref. [52], plus another one from replacing the Z by a
photon in its upper middle diagram. We use the default
factorization and renormalization scales of MadGraph, as
using
√
sν,quark causes calculational problems.
Figure 9 shows the results for νe. (For νµ and
ντ , the discussion below also applies.) The photon-
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FIG. 10. Our inelastic neutrino-nucleus cross sections for
W -boson production on 16O (solid lines), for all three flavors.
Also shown are previous results from Alikhanov [52] and, for
comparison, coherent and diffractive cross sections of νe from
Fig. 6. The corresponding antineutrino cross sections are the
same.
initiated subprocess is much larger than the quark-
initiated process, because softer photons are favored
(photons in the low-Q2 region). The contribution
from protons is larger than that from neutrons, and
their ratio is similar for both subprocesses. For the
quark-initiated subprocess, also shown are the contri-
butions from |photon-propagator diagrams|2 and from
the |W/Z-propagator diagrams|2, with the former being
much larger than the latter. This indicates the rela-
tive importance, though the calculation of each compo-
nent separately would break gauge invariance, especially
above Eν ∼ 108 GeV where it is numerically unstable, as
shown in the figure, as the mixing between photon and
weak bosons are large. Because the photon-propagator
diagrams dominate the quark-initiated subprocess and
are already included in the inelastic photon PDF, we
can ignore this subprocess in the following discussion.
This also avoids the double-counting problem mentioned
above. A more complete treatment that includes both
subprocesses while avoiding double counting is beyond
the scope of this work. One way is to use the W and Z
PDFs [106–108], which may appear in future PDF sets.
Figure 10 shows the inelastic cross sections for all three
flavors. As before, σνeA > σνµA > σντA. Also shown are
νe coherent and diffractive cross sections, for comparison.
The inelastic cross section is the largest for most energies.
Our result is smaller than the result of Alikhanov [52].
The difference is due to multiple reasons. First, we use
much more up-to-date photon PDFs. Second, we use the
dynamic scale
√
sνγ , which is more appropriate, while
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FIG. 11. Our cross sections for trident production in the inelastic regime. Left: CC channels. Right: CC+NC and NC
channels. Solid: the photon-initiated subprocess. Dashed: quark-initiated subprocess. The corresponding antineutrino cross
sections are the same.
they used the fixed scale, mW . Third, we use MadGraph
which does a full systematic calculation while they used
the EPA.
C. Trident production
Figure 11 shows the cross sections for trident produc-
tion processes in the inelastic regime. The calculational
choice is the same as that for W -boson production in
the last subsection. Different from before, here we sepa-
rate CC channels (left) and CC+NC, NC channels (right)
into two different panels. Our calculation is the first
to include the nonperturbative part of the photon PDF
for the trident production in which the resonance region
is included. So here we start from Eν = 1 GeV. For
CC channels, similar to those of W -boson production,
the photon-initiated subprocess is much larger than the
quark-initiated subprocess, and the latter is dominated
by photon propagators to the quarks (not shown, for sim-
plicity), which is already included by the former. There-
fore, for the total inelastic cross section, we can also ig-
nore the quark-initiated subprocess.
For CC+NC and NC channels, interestingly, the
quark-initiated subprocess could be (much) larger than
the photon-initiated subprocess. The reason is that a
pair of charged leptons can be split by a virtual photon
emitted from the initial- or final-state quark on top of
the NC DIS process, which does not happen in the CC
channels as the two charged leptons have different flavors.
(Radiative corrections through virtual W/Z bosons also
exist but are suppressed by their large masses.) There-
fore, the quark-initiated subprocesses of CC+NC and NC
channels are enhanced compared to those of CC channels,
and the lighter the final-state charged leptons, the larger
the enhancement. For the total inelastic cross section of
CC+NC and NC channels, we can sum the two subpro-
cesses up, as the contribution from the double-counting
region is negligible.
Our result is different from the DIS cross sections cal-
culated in Ref. [55]. With limited details provided by
Ref. [55], it is hard to trace the exact reason. In addi-
tion to the quark PDFs considered by Ref. [55], we also
consider the photon PDFs, which has the nonperturba-
tive part. For the quark-initiated process, we may in-
clude more diagrams, including the radiative-correction
diagrams mentioned above.
VI. TOTAL CROSS SECTIONS OF W -BOSON
AND TRIDENT PRODUCTION, AND RATIO TO
CCDIS
Figure 12 shows the total cross sections (σνA/Eν) with
16O for W -boson and trident production, which sum-
marize our calculations in previous sections. We divide
out Eν , the dominant trend, to highlight the deviations
over the wide range of the x-axis. Specifically, the total
cross sections are obtained by summing up the coher-
ent, diffractive and inelastic components, for each inter-
action channel. For the W -boson production and trident
CC channels, the inelastic cross section is the photon-
initiated subprocess, while for trident CC+NC and NC
channels, it is from summing up both photon- and quark-
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FIG. 12. Our total cross sections (actually σνA/Eν) for W -boson and trident production on
16O. The colors and line styles are
same as in Fig. 4 (red, green, and blue lines are νe-, νµ-, and ντ -induced channels, respectively; solid lines are CC channels,
and dashed lines are CC+NC channels; magenta dotted lines are NC channels, which depend on only the final-state charged
leptons). The trident CC, NC, and CC+NC channels correspond to diagrams (1)–(3), (4)–(5), and (1)–(5) of Fig. 5. The
corresponding antineutrino cross sections (i.e., obtained by CP-transforming the processes shown) are the same. See text for
details.
initiated subprocesses. Reasons are discussed in Sec. V C.
We estimate the uncertainties of the W -boson and tri-
dent cross sections. For the coherent regime, it is about
6%, coming from higher order electroweak corrections
(dominant) and nuclear form factors (see Ref. [58] for
more details). For the diffractive regime, the nuclear ef-
fects lead to larger uncertainties. Our calculations in-
clude the Pauli-blocking factor derived from ideal Fermi
gas model for nucleus and ignore other subdominant ef-
fects. Therefore, to be conservative, we assume 30% un-
certainty, following Ref. [58]. (Further details on the sen-
sitivity to the choices of nuclear and nucleon form factors
are given above.) For the inelastic regime, the uncer-
tainty mainly comes from choosing the factorization and
renormalization scale, which is ' 15%, and mixing be-
tween photon and weak boson which matters more at
higher energy, for which we give' 25% to be conservative
(Sec. V). There is no study of the nuclear uncertainties
of photon PDF, but they should be subdominant espe-
cially for light nucleus, like 16O, considering that of the
quark PDFs are subdominant [109–112]. Their combina-
tion gives ' 30% for the inelastic regime. Combining the
three regimes in quadrature, the uncertainty is estimated
to be ' 15%.
Figure 13 shows the ratios of the important chan-
nels to the neutrino CCDIS cross sections ((σCCDISν +
σCCDISν¯ )/2) [23], for different targets (right panel), in-
cluding water/ice (for neutrino detectors), iron and the
Earth’s averaged composition (for neutrino propagation).
The coherent cross sections (∝ Z2) for different isotopes
are calculated in the same way as for 16O. For diffrac-
tive and inelastic cross sections, one can just rescale by
atomic and mass numbers from 16O, as the cross section
on single nucleon is independent of nucleus in above for-
malism (the Pauli-blocking factor in the diffractive cross
section derived from ideal Fermi-gas model [57, 58, 75]
is nucleus independent). For hydrogen (1H) only, there
is no coherent component, and the Pauli-blocking fac-
tor should not be included. The CCDIS cross sections
for different isotopes are calculated by multiplying their
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FIG. 13. Ratios of the W -boson production cross sections to
those of CCDIS ((ν+ ν¯)/2) [23]. Solid lines are for water/ice
targets, dotted line for iron targets, and dashed lines are for
the Earth’s averaged composition. Color assignment is in the
legend. Also shown is the νe (iron) case of Seckel [50], much
larger than ours.
mass number by the CCDIS cross section on isoscalar nu-
cleon target [23]. The bias caused by the fact that some
isotopes have slightly different number of protons and
neutrons and by nuclear effects on PDFs are negligible.
The maximum ratios ofW -boson production to CCDIS
are ' 7.5% (νe), ' 5% (νµ), and ' 3.5% (ντ ) on wa-
ter/ice target, respectively. For trident production (not
shown on the figure), the CC+NC and NC channels are
large enough to matter, i.e., ' 0.75% (νe-induced), 0.5%
(νµ-induced), and 0.35% (ντ -induced). This is a fac-
tor ' 0.1 of corresponding W -boson production chan-
nels, as the dominant contribution at these energies are
from the W -boson production followed by W → ν` + `
(Sec. III B). These trident channels and also hadronic de-
cay of those W bosons could produce distinct signatures
in the high-energy neutrino detectors like IceCube [30],
KM3NeT [49], and especially the forthcoming IceCube-
Gen2 [48]. In IceCube, there could already be a few
W -boson production events. IceCube-Gen2 will have
much larger yields. The detectability and implications
are detailed in our companion paper [1]. (For clarifica-
tion, the W -resonance enhancement part of the trident,
which dominates above ∼ 104 GeV, is the W -boson pro-
duction followed by leptonic decay of the W boson, so
they would not be studied separately for detection.)
The maximum ratios ofW -boson production to CCDIS
are ' 14% (νe), ' 10% (νµ), and ' 7% (ντ ) on iron,
and ' 11% (νe), ' 7.5% (νµ), and ' 5% (ντ ) on the
Earth’s averaged composition. (The larger the charge
number of a nucleus, the larger the ratio is, due to the
coherent component ∝ Z2.) Trident CC and CC+NC
channels (not shown) are ' 0.1 of these numbers, same
as above. (As a comparison, the ratio for νe-iron case
by Seckel [50] is 25%, much larger than ours (14%).)
This affects the absorption rate of high-energy neutrinos
when propagating through the Earth, which affects the
measurement of neutrino cross sections by IceCube [31–
35].
VII. CONCLUSIONS
The interactions of neutrinos with elementary parti-
cles, nucleons, and nuclei are a cornerstone of the Stan-
dard Model, and a crucial input for studying neutrino
mixing, neutrino astrophysics, and new physics. Above
Eν ∼ 5 GeV, the neutrino-nucleus cross section is dom-
inated by deep inelastic scattering, in which neutrinos
couple via weak bosons to the quarks. However, addi-
tionally, there are two processes where the hadronic cou-
pling is through a virtual photon: W -boson and trident
production, the cross sections of which increase rapidly
and become relevant at TeV–PeV energies.
In this paper, we do a complete calculation of the W -
boson and trident production processes. We significantly
improve the completeness and precision of prior calcula-
tions. We start by giving a systematic review of both pro-
cesses, pointing out the improvements that can/should
be made compared to previous calculations (Sec. II and
Table I).
Our results can be put into three major categories.
• The neutrino-real photon cross sections for these two
processes over a wide energy range (Sec. III). This sets
the foundation for our neutrino-nucleus cross section
calculation and for discussing the underlying physics
(Sec. III). For trident production, there are three dif-
ferent categories of interaction channels (Eq. (5)): CC,
CC+NC, and NC, arising from different groups of dia-
grams (Fig. 5). Interestingly, for the CC and CC+NC
channels, above sνγ = m
2
W , the cross sections are en-
hanced by two orders of magnitude (Fig. 4). The rea-
son is that the s-channel like W -boson propagators in
the trident diagrams (Fig. 5) can be produced on shell
(i.e., W -boson production in Fig. 1) and then decay
leptonically. This indicates the unification of these two
processes.
• A first complete calculation of neutrino-nucleus W -
boson production cross sections. For the neutrino-
nucleus cross sections, we handle them in differ-
ent regimes: elastic (Sec. IV; including coherent
and diffractive) and inelastic (Sec. V; including both
photon- and quark-initiated subprocesses). For W -
boson production, we show that the previously used
equivalent photon approximation [51, 52] is not good
for its cross section calculation. For the νe-induced
channel, our results are about half of those in Refs. [51,
52] for both coherent and diffractive regimes, and
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∼ 1/4 of Ref. [50] for coherent regime. The reasons
for this are largely understood. A significant factor is
the nonzero photon virtuality, Q2, which suppresses the
cross section (EPA assumes Q2 = 0 as used by previous
works). Also, the Pauli-blocking effect suppresses the
diffractive cross section. For the inelastic regime, we
use an up-to-date photon PDF and more reasonably
dynamic factorization scale,
√
sνγ . Moreover, we do a
first calculation of the quark-initiated subprocess and
find that they can be neglected below ' 108 GeV.
• A first calculation of neutrino-nucleus trident produc-
tion cross sections at TeV–PeV energies. The full
Standard Model is used in order to also study the TeV–
PeV behavior, compared to the four-Fermi theory used
by previous work. The equivalent photon approxima-
tion is also avoided. Moreover, we do a more careful
treatment of the inelastic regime, and, importantly, we
for the first time use the inelastic photon PDF [66, 102]
for trident calculation, which includes the resonance re-
gion as a component of the nonperturbative part of the
inelastic photon PDF. More improvements are detailed
in the previous sections.
These cross section are large enough to matter
(Sec. VI). For a water/ice target, the W -boson produc-
tion cross sections are ' 7.5% (νe), ' 5% (νµ), and
' 3.5% (ντ ) of CCDIS [23]. (For the corresponding
CC and CC+NC trident channels, they are ' 0.1 times
the numbers above.) This means these processes are
detectable, or will be detectable, by high-energy neu-
trino detectors like IceCube [30], KM3NeT [49], and espe-
cially the forthcoming IceCube-Gen2 [48], with distinct
signatures [1]. For the iron target or the Earth’s aver-
aged composition, the W -boson production cross sections
are 14%/11% (νe), 10%/7.5% (νµ), and 7%/5% (ντ ) of
CCDIS [23]. This affects the absorption rate of high-
energy neutrinos during propagation. Moreover, the DIS
cross sections extracted from in-Earth absorption as seen
by IceCube [31–35] contain a contribution from W-boson
production. Note the fact that the cross section affects
the absorption rate exponentially may make these pro-
cesses even more important than that shown by the num-
bers above.
This paper sets the theoretical framework and calcu-
lates the cross sections of these processes. In our com-
panion paper [1], we discuss the phenomenological con-
sequences, including the effects mentioned above and
other aspects of high-energy neutrino astrophysics that
these processes make a difference, such as neutrino cross-
section and spectrum measurement, flavor ratio determi-
nation, neutrino mixing, and new physics.
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SUPPLEMENTAL MATERIAL
Appendix A: W -boson production: amplitudes in the Standard Model
The leptonic amplitudes of the diagrams of Fig. 1, in the unitarity gauge, are
Lµ1 =
egW
2
√
2
u¯ (p1) γ
µ
(
/k − /p2
)
+m`
(k − p2)2 −m2`
γν(1− γ5)u (k)× ν(W ) , (A1a)
Lµ2 =−
egW
2
√
2
u¯ (p1) γ
ν
(
1− γ5)u (k)× gµν − (k−p1)µ(k−p1)νm2W
(k − p1)2 −m2W
× [gρλ(q + p2)µ + gλµ(p1 − p2 − k)ρ + gµρ(k − p1 − q)λ] λ(W ) , (A1b)
where the m` and mW are masses of the charged lepton (p1) and the W boson (p2), respectively, and (W ) the
polarization vector of the W boson, for which we have
4∑
i=1
νi (W )
ν
i (W ) = −gµν +
pµ2p
ν
2
m2W
. (A2)
The amplitudes above are used for both Sec. III A (MWBP = µ(Lµ1 −Lµ2 ), where µ is the photon polarization vector)
and Sec. IV B (Lµ = Lµ1 − Lµ2 ).
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Appendix B: Trident production: amplitudes in the Standard Model
The leptonic amplitudes of the diagrams of Fig. 5, in the unitarity gauge, are
Lµ1 =−
eg2W
8
u¯ (k2) γ
β
(
1− γ5) v (p1)× gαβ − (p1+k2)α(p1+k2)βm2W
(p1 + k2)
2 −m2W + imWΓW
× u¯ (p2) γµ
(
/p2 − /q
)
+m2
(p2 − q)2 −m22
γα(1− γ5)u (k1) ,
(B1a)
Lµ2 =
eg2W
8
u¯ (p2) γ
α
(
1− γ5)u (k1)× gαβ − (k1−p2)α(k1−p2)βm2W
(k1 − p2)2 −m2W
× [gγβ(−p1 − k2 − k1 + p2)µ + gβµ(k1 − p2 − q)γ + gµγ(q + p1 + k2)β]× gγδ − (p1+k2)γ(p1+k2)δm2W
(p1 + k2)
2 −m2W + imWΓW
× u¯ (k2) γδ(1− γ5)v (p1) , (B1b)
Lµ3 =−
eg2W
4
u¯ (p2) γ
α
(
1− γ5)u (k1)× gαβ − (k1−p2)α(k1−p2)βm2W
(k1 − p2)2 −m2W
× u¯ (k2) γβ(1− γ5)
(
/q − /p1
)
+m1
(q − p1)2 −m21
γµv (p1) , (B1c)
Lµ4 =−
eg2Z
4
u¯ (k2) γ
α
(
1
2
− γ
5
2
)
u (k1)×
gαβ − (k1−k2)α(k1−k2)βm2Z
(k1 − k2)2 −m2Z
× u¯ (p2) γµ
(
/p2 − /q
)
+m2
(p2 − q)2 −m22
γβ
(
−1
2
+ 2 sin2 θW +
1
2
γ5
)
v (p1) , (B1d)
Lµ5 =−
eg2Z
4
u¯ (k2) γ
α
(
1
2
− γ
5
2
)
u (k1)×
gαβ − (k1−k2)α(k1−k2)βm2Z
(k1 − k2)2 −m2Z
× u¯ (p2) γβ
(
−1
2
+ 2 sin2 θW +
1
2
γ5
) (
/q − /p1
)
+m1
(q − p1)2 −m21
γµv (p1) . (B1e)
Note that for Lµ1 and L
µ
2 , the width term of W propagator, imWΓW , should be included. These are used for both
Sec. III B (MTrii = µ((Lµ1 −Lµ2 + Lµ3 )− (Lµ4 + Lµ5 )), same as Eq. (7)) and Sec. IV C (Lµi = (Lµ1 −Lµ2 + Lµ3 )− (Lµ4 + Lµ5 )).
17
Appendix C: Trident production: kinematics and phase space for σ
T/L
νγ (sˆ, Q
2)
Following Refs. [55, 90], we give more details of the kinematics and the three-body phase space of σ
T/L
νγ (sˆ, Q2) for
trident production, and derive the case for the virtual photon. The momenta are labeled in Fig. 5.
In the CM frame of the ν-A interaction and treating the two charged leptons together (p ≡ p1 + p2, i.e., the total
momentum of `+ and `−), we can write the 4-momenta by
k1 =
s+Q2
2
√
s
(1, sin θ, 0,− cos θ) , (C1a)
q =
s+Q2
2
√
s
(
s−Q2
s+Q2
,− sin θ, 0, cos θ
)
, (C1b)
k2 =
s− l
2
√
s
(1, 0, 0,−1) , (C1c)
p =
(
s+ l
2
√
s
, 0, 0,
s− l
2
√
s
)
, (C1d)
where Q2 ≡ −q2 is the photon virtuality, l ≡ p2, s ≡ sνγ ≡ (k1 + q)2 (for simplicity, we use s ≡ sνγ in this section
only), and θ is the angle of the incoming particles with respect to the direction of p, which is chosen to be z-axis.
Define another variable,
t ≡ 2q · (k1 − k2) =
l
[
Q2(cosθ − 1) + s+ scosθ]+ s [Q2(3− cosθ) + s− scosθ]
2s
. (C2)
This relation allows us to rewrite sin θ and cos θ in terms of t, which is Lorentz invariant, then putting back into
Eq.( C1), we obtain
k1 =
(
Q2 + s
2
√
s
,
√
(l +Q2 − t)(lQ2 + s(−2Q2 − s+ t))
s− l , 0,−
l(s−Q2) + s(3Q2 + s− 2t)
2
√
s(s− l)
)
, (C3a)
q =
(
s−Q2
2
√
s
,
√
(l +Q2 − t)(lQ2 + s(−2Q2 − s+ t))
l − s , 0,
l(s−Q2) + s(3(Q2 + s− 2t))
2
√
s(s− l)
)
, (C3b)
k2 =
s− l
2
√
s
(1, 0, 0,−1) , (C3c)
p =
(
l + s
2
√
s
, 0, 0,
s− l
2
√
s
)
. (C3d)
To find the expression of p1 and p2, it is easier to go to the rest frame of p. We do a Lorentz transformation to
boost to this frame, using β = s+ls−l , γ =
s+l
2
√
sl
for the transformation matrix,
k′1 =
(
l + 2Q2 + s− t
2
√
l
,
√
(l +Q2 − t)(lQ2 + s(−2Q2 − s+ t))
s− l , 0,
(
l2 − lt+ s(2Q2 + s− t))
2
√
l(l − s)
)
, (C4a)
q′ =
(
t− 2Q2
2
√
l
,
√
(l +Q2 − t)(lQ2 + s(−2Q2 − s+ t))
l − s , 0,−
(2ls− lt+ 2Q2s− st)
2
√
l(l − s)
)
, (C4b)
k′2 =
s− l
2
√
s
(1, 0, 0,−1) , (C4c)
p′ =(
√
l, 0, 0, 0) . (C4d)
The situation can be further simplified if we work in the frame where q′ is along the z-axis. So we need to do a
rotation of above. The rotation angle, ηq, can be determined by
sin ηq =
q′[2]√
q′[2]2 + q′[4]2
, and cos ηq =
q′[4]√
q′[2]2 + q′[4]2
. (C5)
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So, finally, we have
k′′1 =
 l + 2Q2 + s− t
2
√
l
,−
√
(l +Q2 − t)(lQ2 + s(−2Q2 − s+ t))
4lQ2 + (t− 2Q2)2 , 0,−
(l(4Q2 + 2s− t) + (2Q2 − t)(2Q2 + s− t))
2l
√
(t−2Q2)2
l + 4Q
2
 ,
(C6a)
q′′ =
(
t− 2Q2
2
√
l
, 0, 0,
1
2
√
(t− 2Q2)2
l
+ 4Q2
)
, (C6b)
k′′2 =
(
s− l
2
√
l
,−
√
(l +Q2 − t)(lQ2 + s(−2Q2 − s+ t))√
(t− 2Q2)2 + 4lQ2 , 0,−
(2ls− lt+ 2Q2s− st)
2
√
(t− 2Q2)2 + 4lQ2
)
, (C6c)
p′′ = (
√
l, 0, 0, 0) . (C6d)
In this frame, the p1,2 can be written as
p′′1 = (E1,+ρ sin θ
′′ cosφ′′,+ρ sin θ′′ sinφ′′,+ρ cos θ′′) , (C7a)
p′′2 = (E2,−ρ sin θ′′ cosφ′′,−ρ sin θ′′ sinφ′′,−ρ cos θ′′) , (C7b)
where θ′′ and φ′′ are the angles with respect to the photon, q′′, in the current frame, E1,2 =
√
ρ2 +m21,2, and
ρ2 =
l2 − 2l (m21 +m22)+ (m21 −m22)2
4l
. (C8)
The three-body phase space can be done by decomposing it into two two-body phase spaces [55, 93] (each is
independently Lorentz invariant),
dPS3(k2, p1, p2) =
dl
2pi
dPS2(k2, p) dPS2(p1, p2) (C9)
with
dPS2(x1, x2) = β(x1, x2)
dΩ
32pi2
(C10)
which is frame independent, and
β(x1, x2) =
√
1− 2(x
2
1 + x
2
2)
(x1 + x2)2
+
(x21 − x22)2
(x1 + x2)4
. (C11)
The dPS2(k2, p), in the CM frame, can be written as
dPS2(k2, p) = β(k2, p)
dΩ
32pi2
=
s− l
2s
dΩ
16pi2
, (C12)
and
dΩ
16pi2
=
d cos θdφ
16pi2
=
1
8pi
s
s+Q2
2
s− l dt , (C13)
which is Lorentz invariant, where the first step uses the azimuthal symmetry of the system in the CM frame, and the
second step uses Eq. (C2).
The dPS2(p1, p2), in the rest frame of p, can be written as
dPS2(p1, p2) = β(p1, p2)
dΩ′′
32pi2
(C14)
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where β(p1, p2) can be derived using Eq. (C11), i.e.,
β(p1, p2) ≡ β(l) =
√
1− 2(m
2
1 +m
2
2)
l
+
(m21 −m22)2
l2
, (C15)
i.e., Eq. (9), and dΩ′′ = d cos θ′′dφ′′ is the solid angle with respect to the photon in the rest frame of p (c.f. Eq. (C7)).
Putting above together, we get the phase space of the off-shell cross section, σ
T/L
νγ (sˆ, Q2), for the trident production,
dPS3 =
1
2
1
(4pi)2
dl
2pi
β(l)
dt
2(sνγ +Q2)
dΩ′′
4pi
, or dPS3 =
1
2
1
(4pi)2
dl
2pi
β(l)
dt
2sˆ
dΩ′′
4pi
. (C16)
This is the same as the phase space for the real photon case, Eq. (8), but replacing the sνγ by sˆ ≡ sνγ + Q2. The
integration range of l is now
[
(m1 +m2)
2, sνγ
]
or
[
(m1 +m2)
2, sˆ−Q2]. And the integration range of t can be obtain
from Eq. (C2), which gives[
l +Q2, sνγ +
(
2− l
sνγ
)
Q2
]
, or
[
l +Q2, sˆ−Q2 +
(
2− l
sˆ−Q2
)
Q2
]
. (C17)
When Q2 = 0, all the above return to the on-shell photon case.
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Appendix D: Trident production: coherent and diffractive cross sections for all channels
Figure 14 shows our elastic (coherent + diffractive components) cross sections for all trident channels.
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FIG. 14. Our elastic cross sections for all trident channels. We add the coherent and diffractive components together to
simplify the figure. The colors and line styles are same as in Fig. 4 (red, green, and blue lines are νe-, νµ-, and ντ -induced
channels, respectively; solid lines are CC channels, and dashed lines are CC+NC channels; magenta dotted lines are NC
channels, which depend on only the final-state charged leptons). The trident CC, NC, and CC+NC channels correspond to
diagrams (1)–(3), (4)–(5), and (1)–(5) of Fig. 5. Gray dashed lines are the coherent and diffractive cross sections for W -boson
production from Fig. 6, shown as a comparison. For antineutrinos, which have the same corresponding cross sections, take the
CP transformation of the channel labels. See text for details.
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